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1
Abstrat. The group of ane transformations with rational oeients Aff(Q)
ats naturally on the real line R, but also on the p-adi elds Qp. The aim
of this note is to show that, for random walks whose laws have a nite rst
moment, all these ations are neessary and suient to desribe the Poisson
boundary, whih is in fat the produt of all the elds that ontrat in mean.
Introdution
Random walks are proesses on a group G dened as iterated produts of inde-
pendent and identially distributed random elements and are a natural probabilisti
way to explore the algebrai strutures and their underlying geometry. The omplex
interation between these mathematial objets an be illustrated by the Poisson
boundary. The latter an be dened pure measure theoretially as the spae that
ontains all the informations on the long range behavior of the random walk, but it
is also the maximal one among the µ-boundaries, whih are the topologialG-spaes
that are stable and ontrating under the ation of the random walk. Furthermore
it has an interpretation from an analyti viewpoint, sine it provides an integral
representation of all harmoni bounded funtions.
The study of random walks on the group of rational anities Aff(Q), whih is
the group of transformations of the form x 7→ ax+b (or equivalently of the matries[
a b
0 1
]
) where the oeients a 6= 0 and b are rational numbers, is a good example of
how a quite elementary probabilisti proess is related to sophistiated arithmeti
spaes. This ountable group has a natural ation on the real line R and is a
dense subgroup the group of real ane transformations. One an obtain interesting
results onerning the behavior of the random walks on Aff(Q) using the powerful
theory developed on Lie groups, when no ontinuity hypothesis on the measure
is assumed (for instane [Kes73℄, [BP92℄, [BBE97℄ or [Bro03℄). Nevertheless the
Poisson boundary for random walk on Aff(Q) an not be studied in suh a way. In
fat, while, for random walk with a spread out law on Aff(R), the boundary is either
R or trivial (see L.Elie [Éli84℄), V.Kaimanovih [Kai91℄ showed that for randomwalk
supported by the group of ane transformations with dyadi oeients the Poisson
boundary is either the real line or the other possible ompletion of the dyadi line,
namely, the 2-adi eld Q2. It was suggested that a omplete understanding of
the asymptoti behavior of the random walks on Aff(Q) ould be obtained by
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onsidering simultaneously the ations on R and on all p-adi elds Qpwhere p is
in P , the set of all prime numbers.
Sine the formal struture of the real and p-adi elds is similar, they an often
be approahed in a similar way and, in order to unify the notation, it is ommon to
assoiate the real setting to the prime number p =∞, thus Q∞ = R. Under rst
moment onditions, the parameter that determines whether the ation of Aff(Q) is
ontrating in mean on the eld Qp is the p-drift
φp =
∫
Aff(Q)
ln |a|p dµ(a, b),
where µ is the step law of the random walk. When φp is negative, there is a unique
µ-invariant probability measure on Qp, whih is in fat a non-trivial µ-boundary.
The aim of this note is to show that, for all measures with a rst moment on
Aff(Q), the Poisson boundary is the produt of all p-adi elds with negative drift.
We prove the following :
Theorem. Let µ be a probability measure on Aff(Q) that is not supported by an
Abelian subgroup and suh that∫
Aff(Q)

∑
p∈P
∣∣∣ln |a|p∣∣∣+ ∑
p∈P∪{∞}
ln+ |b|p

 dµ(a, b) < +∞.
Then there exists a unique µ-invariant probability measure ν∗ on the topologial
produt
B∗ =
∏
p∈P∪{∞}:φp<0
Qp,
and the measure spae (B∗, ν∗) is the Poisson boundary of the random walk of law
µ.
Furthermore, the measure ν∗ arries no point mass exept in the ase when B∗
ollapses to a single point, namely when φp ≥ 0 for all p ∈ P ∪ {∞}. Sine the
p-drifts have to satises to φ∞ = −
∑
p∈P φp, we dedue that the Poisson boundary
is trivial if and only if all p-drifts are null.
This paper is organized as follows. In setion 1, we quikly introdue the basi
onepts of µ-boundary and of Poisson boundary. In setion 2, we summarize well
known results on the ontrating ation of Aff(Q) on the elds Qp. We dedue
that B∗ is a µ-boundary that is a good andidate to be maximal. We also observe
that, even though the topologial spae B∗ is not loally ompat, the measure
ν∗ is supported by a set B∗r that is in fat a restrited topologial produt of the
Qp with respet to some of their ompat diss, and thus it an be endowed with
a loally ompat topology homeomorphi to a sub-spae of the Adele ring. To
prove that (B∗, ν∗) is in fat the Poisson boundary, we use the tehniques based on
the estimation of the entropy introdued by Kaimanovih and Vershik [KV83℄ and
Derrieni [Der80℄, and, in partiular, the riterion on the entropy of the onditional
expetation due to Kaimanovih [Kai00℄. Our main tool is the onstrution of a
suitable family of gauges in terms of what we shall all an adeli length on Aff(Q),
based on the arithmeti height of the Adeles (setion 3). This permits to estimate
the growth of the random walk and prove some laws of large numbers (setion 4). In
setion 5, using the projetion of B∗ onto nite-dimensional µ-boundaries, we an
prove that its onditional entropy is zero and, thus, that it is the Poisson boundary.
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In our previous note [Bro℄, we studied the Poisson boundary for measures µ that
are supported by nitely generated subgroups of Aff(Q), using the Strip approxi-
mation riterion [Kai00℄. This tehnique annot be applied diretly in the present
more general ontext, sine the random walk grows faster and it is not straightfor-
ward to exhibit a global geometrial approximation. On the other hand, the adeli
length provides a suitable tool to ontrol the entropy of the µ-boundaries and, sine
the tehnial arguments turn up to be quite light, it is likely that this approah an
be adapted to more general algebrai groups over rational numbers.
1. µ-boundaries and Poisson boundary
Let µ be a probability measure on a ountable group G and let {gn}nbe a se-
quene of independent random elements with law µ on G. Consider the (right)
random walk {xn}n starting at the identity, whih is the proess on G dened by
xn = g1 · · · gn ∀n ∈ N.
We denote by (GN,P) the probability spae of trajetories of the random walk and
by E the assoiated expetation.
Let B a loally ompat G-spae endowed with a µ-invariant probability measure
ν suh that P-almost surely xnν onverges vaguely to a Dira measure (where for
every g ∈ G the measure gν is given by gν(f) =
∫
B
f(gz)dν(z) ). Aording to
Furstenberg [Fur73℄, the spae (B, ν) is a µ-boundary and the Poisson boundary
is the maximal of suh spaes, namely it is a µ-boundary suh that any other
µ-boundary is one of its measurable G-equinvariant quotients.
One an dene a measurable map bnd = bndB from the spae (G
N,P) to the
µ-boundary (B, ν) that assoiates to a path x = {xn} the point bnd(x) of B suh
that
lim
n→∞
xnν = δbnd(x) almost surely.
In other words, the ation of the random walk on B ontrats to bnd(x), whih
ontains all the the informations on the asymptoti behavior of xn ating on B.
As a measure spae, the Poisson boundary is unique and there exist several
equivalent onstrutions for a generi ountable group. For instane, it an be
identied with the quotient of the probability spae (GN,P) by the equivalene
relation
{xn}n ∼ {x
′
n}n ⇐⇒ ∃k, h ∈ N : xn+k = x
′
n+h∀n ∈ N,
namely with the measure spae that ontains all possible long term behaviors of the
random walk. A lassial question is to give a tangible desription of this measure
spae and to reognize when a given topologial (or measure) spae, whih is known
to be µ-boundary, is in fat the Poisson boundary.
2. µ-boundaries of Aff(Q)
The group of rational anities
Aff(Q) = {(a, b) : x 7→ ax+ b | a ∈ Q∗, b ∈ Q}
has by denition an ation on the group of rational numbers. However, Q endowed
with the disrete topology annot be a µ-boundary, beause it annot support a
stationary probability measure, exept in degenerate ases.
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The ation of Aff(Q) on the rational numbers extends naturally to the real line
R, but also to the p-adi numbers Qp for all prime numbers p. These elds are the
ompletion of Q with respet to p-adi norm
|q|p = p
−vp(q),
where the p-adi valuation of an integer r is vp(r) = max
{
k ∈ N | p−kr ∈ N
}
and
vp(r/s) = vp(r) − vp(s), while |0|p = 0. The real and the p-adi norms are known
to be the only possible norms on Q adapted to its eld struture.
Sine the real and p-adi elds are formally similar, it is useful to assoiate the
prime number p = ∞ to the real setting; thus Q∞ is R, the Eulidean norm
is | · |∞ and so on. We denote by P the set of all true prime numbers and write
P = P ∪ {∞}.
Let us onsider a probability measure µ on Aff(Q) and the assoiated random
walk xn obtained as the produt of the sequene {gn = (an, bn)}n of random ani-
ties with law µ. A simple alulation shows that
xn = (An, Zn) = (a1 · · · an,
n∑
k=1
a1 · · · ak−1bk).
We always suppose that the law µ is non-degenerate, that is :
P [a1 = 1] 6= 1 and P [a1z + b1 = z] 6= 1 ∀z ∈ Q.
In fat, whenever this does not hold, the random walk degenerates either to a sum
of independent random variables in Q or to a produt of independent elements in
Q∗(using the map (a, b) 7→ (a, az + b)). In both ases the support of µ generates
an Abelian group, and it is well known that the Poisson boundary is trivial.
If for some p ∈ P the measure µ has a (logarithmi) rst p-moment, that is
E
[
ln |a1|p + ln
+ |b1|p
]
<∞,
the parameter that determines whether the ation on the respetive eld Qp is
ontrating is the p-drift
φp = E
[
ln |a1|p
]
.
In fat one has the following lassial results
Lemma 1. Suppose that µ is non-degenerate and has a rst p-moment.
a. If φp < 0, the innite sum
(1) Zp∞ =
∞∑
k=1
a1 · · · ak−1bk
onverges almost surely in Qp to a random element with law νp, whih arries no
point mass. Furthermore (Qp, νp) is a µ-boundary.
b. If φp ≥ 0, there exists no stationary probability measure on Qp.
Proof. For the onveniene of the reader, we give a sketh of the proof.
First observe that, sine the measure µ is supposed to be non-degenerate, no
stationary probability measure ν an arry a point mass. In fat, suppose that
some point of Qp arries a non-null mass. Let M be the maximum of suh masses
and S = {z ∈ Qp|ν({z}) = M}. Then g · S = S for all g in the support of µ. Let
s ∈ S, sine the measure is not degenerate there exists g ∈ suppµ suh that g ·s 6= s.
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But sine eah anity xes just one point of Qp, the orbit {g
n · s}n∈N is innite
and thus S should be innite too, whih is absurd.
a. φp < 0. For more details on the real ase see [Ver79℄ and on the ultra-metri
ase see [CKW94℄.
Observe that by the Law of large numbers, the proess
|a1 · · ·an|p = exp
(
n∑
i=1
ln |ai|p
)
onverges almost surely to zero with exponential speed (roughly as exp(nφp)). On
the other hand, sine ln+ |b1|p is integrable, ln
+ |bn|p
/
n onverges almost surely
to zero. Thus the innite sum (1) onverges, beause its general term goes to zero
exponentially.
Furthermore, P-almost surely for all z ∈ Qp
xn · z = Anx+ Zn → Z
p
∞ in Qp.
Thus, by dominated onvergene, for every ontinuous bounded funtion f on Qp
xnνp(f) =
∫
Qp
f (Anx+ Zn) νp(dx) → δZp∞(f) P− almost surely .
b. φp ≥ 0. Bougerol and Piard [BP92℄ obtained an analogous result for sta-
tionary sequenes of multidimensional real anities. We translate here their proof
to the ase of a sequene of independent p-adi anities.
Let p ∈ P be a true prime number and suppose that there exists a stationary
probability measure ν on Qp. Let f be a non-negative bounded funtion on Qp
with ompat support and onsider the proess
Wn =
∫
Qp
f(xn · z)dν(z).
This is a bounded martingale and, thus, it onverges almost surely and in L1 to
a non-negative random variable W∞. Furthermore, if f 6= 0, the random variable
W∞ is not null, beause its mean is ν(f). Let now
mn = max
{
|An|p , |Zn|p
}
.
Observe that mn is a power of p and that |mn|p = m
−1
n .Thus, the sequenes
{mnAn}n and {mnZn}n are bounded in Qp. Sine φp ≥ 0 (whene |An|p is un-
bounded), there exists a sub-sequene {ni}i suh that mni diverges to +∞ and
suh that
mniAni → A and mniZni → Z in Qp,
for some A,Z ∈ Qp. Then, for all z 6= −Z/A
lim
i→∞
|xni · z|p = limi→∞
mni |mniAniz +mniZni |p = +∞
Thus, P-almost surely
W∞ = lim
i→∞
∫
Qp
f(xni · z)dν(z) = lim
i→∞
∫
Qp
f(xni · z)1[z=−Z/A]dν(z) = 0,
sine ν has no point mass. Thus we obtained a ontradition. 
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It follows from this last lemma that an exhaustive µ-boundary of Aff(Q) should
involve all p-adi elds with negative drift. Let
P ∗ =
{
p ∈ P | µ has a rst p-moment and φp < 0
}
and onsider the topologial sum B∗ =
∏
p∈P∗ Qp with the topology Ts generated
by the open sets ∏
p∈S
Op
∏
p6∈S
Qp
where S ⊆ P ∗ is nite and the Op ⊆ Qp are open. It is easily heked that the
ation of the random walk on (B∗, Ts) is ontrating. In fat, P-almost surely
(2) xn · z = (xn · zp)p → Z
∗
∞ = (Z
p
∞)p in (B
∗, Ts)
for all z = (zp)p ∈ B
∗
. Let ν∗ denote the law of Z∗∞.
Observe that whenever P ∗ is innite the spae (B∗, Tp) is not loally ompat.
However it is possible to onstrut a smaller loally ompat topologial Aff(Q)-
spae that supports the measure ν∗.
Sine the random variables Zp∞ are almost surely nite, there exists a sequene
r = (rp)p∈P∗ of real positive numbers greater or equal to 1 suh that∑
p∈P∗
P
[
|Zp∞|p > rp
]
<∞.
Thus by the Borel-Cantelli Lemma
P
[
|Zp∞|p > rp for an innite number of p ∈ P
∗
]
= 0,
and the random variable Z
∗
∞ is almost surely in the set
B∗
r
=

z ∈
∏
p∈P∗
Qp : |zp|p ≤ rp for all p but a nite number

 .
This set is loally ompat (seond ountable), if onsidered as the restrited topo-
logial produt of the (Qp)p∈P∗ with respet to the diss Dp(r) of enter 0 and
radius rp in Qp, that is endowed with the topology Tr generated by the open sets∏
p∈S
Op
∏
p6∈S
Dp(r)
where S ⊆ P ∗ is nite and the Op are open subsets of Qp.
The topology Tr is ner than the restrition of the produt topology Ts to B
∗
r
,
but the sigma-algebras they generate oinide. Thus (B∗r , ν
∗) and (B∗, ν∗) are the
same probability spae and, even if the ation on B∗
r
is not strongly ontrating as
in (2), we have the following
Proposition 1. (B∗, ν∗) = (B∗r , ν
∗) is a µ-boundary.
Proof. Let B∗
r
be the one point ompatiation of B∗
r
. Thus the sequene {xnν
∗}n
of probability measures on B∗r is relatively ompat. Let ν
′
be an aumulation
point. By (2), for every bounded funtion f ontinuous with respet to Ts, the
sequene xnν
∗(f) onverges to f(Z∗∞). Thus ν
′ = δZ∗
∞
on the sigma-algebra gen-
erated by Ts that oinides with the sigma-algebra generated by Tr. 
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Remarks. 1. Sine the real and p-adi norms satisfy the following relation
|q|∞ =
∏
p∈P
|q|
−1
p ∀q ∈ Q
∗,
if all the p-drifts exist, one has
φ∞ = −
∑
p∈P
φp.
Thus the φp annot be all simultaneously negative and P
∗ 6= P. This implies that
the spae B∗ and B∗r do not involve all the possible ompletions of the rationals
numbers. The Strong approximation theorem (see for instane Cassels [CF67℄ ,
page 67) ensures then that diagonal embedding of Q in B∗
r
is always dense. It
follows that when the support of the measure µ generates Aff(Q) as a semi-group,
then the support of measure ν∗ is the whole of B∗
r
, and thus this boundary is in
some sense minimal.
2. The Adele ring A is the restrited topologial produt of all Qp with p ∈ P
with respet the dis Dp(1) of enter 0 and radius 1 (see for instane [CF67℄, page
63). Sine it is possible to hoose the rp in the form p
k
(thus |rp|p = r
−1
p ), the map
B∗r → B
∗
1
(zp)p 7→ (rpzp)
is a homeomorphism, whih embeds B∗r into a sub-spae of the Adele ring. However,
this map is not an isomorphism of Aff(Q)-spaes and, although it is possible to
formalize expliit onditions under whih Z
∗
∞ is almost surely in A, this is not true
in a general setting.
3. Gauges on Aff(Q)
In the previous setion we have provided what seems a good andidate to be the
Poisson boundary. To prove that this boundary ontains all the informations on
the tail of the trajetories, we need to estimate the growth of the random walk with
respet to the geometry adapted to this boundary. We have seen that Aff(Q) an
be embedded in eah of the ane group over the p-adi or real elds, whene it is
natural to use the assoiated norms. However, sine Q is dense in Qp, in order to
obtain a topologial spae that respets the disrete struture of Aff(Q), one has
to onsider the diagonal embedding
Aff(Q) →֒ H := Q∗ × A
(a, b) 7→ (a, (b)p).
In fat, sine Q is disrete in the Adele ring (see [CF67℄) and Q∗ is endowed with
the disrete topology, Aff(Q) is disrete in H . We would like to observe that, sine
the boundary B∗ is not ontained in the Adeles, one may be tempted to use instead
of A the restrited topologial produt of the Qp with respet to some bigger diss
Dp(r), but the resulting embedding would not be disrete.
The spae H an be endowed with a group struture by extending the produt
on Aff(Q), that is, setting
(a, (zp)p)(a
′, (z′p)p) = (aa
′, (az′p + zp)p).
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For every q ∈ Q∗ set
〈q〉 :=
∑
p∈P
∣∣∣ln |q|p∣∣∣ .
Observe that even if this funtion may appear exoti, it an be easily alulated
sine for every irreduible fration
r
s of integers, one has
〈
r
s
〉
= ln r + ln s.
For all z = (zp)p ∈ A, also set
〈z〉
+
:=
∑
p∈P
ln+ |zp|p
This funtion,well known in number theory (see for instane Lang [Lan66℄), is alled
height.
Finally for all (a, b) ∈ H we dene the adeli length
‖(a, b)‖ = 〈a〉+ 〈b〉
+
,
whih plays, in some way, the role of the word length in this non-nitely-generated
ontext.
The funtion ‖·‖ is not sub-additive, but we have the following relation
‖y1y2‖ ≤ ln 2 + 2 ‖y1‖+ ‖y2‖ ∀y1, y2 ∈ H
In fat
〈a1a2〉 ≤ 〈a1〉+ 〈a2〉
and
〈b1 + a1b2〉
+ = ln+ |b1 + a1b2|∞ +
∑
p∈P
ln+ |b1 + a1b2|p
≤ ln 2 + ln+ |b1|∞ + ln
+ |a1b2|∞ +
∑
p∈P
max{ln+ |b1|p , ln
+ |a1b2|p}
≤ ln 2 + 〈b1〉
+ + 〈a1〉+ 〈b2〉
+ .
Dene the gauge Gy = {Gyk}k∈N of enter y ∈ H by setting
Gyk =
{
g ∈ Aff(Q)|
∥∥g−1y∥∥ ≤ k} .
The sets Gyk are not empty and they exhaust the whole group. Furthermore their
growth is ontrolled by the following :
Lemma 2. The family of gauges {Gy}y∈H has uniform exponential growth, that is,
there exists C > 0 suh that ard {Gyk} ≤ e
Ck
for all y ∈ H and all k ∈ N.
Proof. First observe that ard{q ∈ Q∗| 〈q〉 ≤ k} ≤ 2e2k, sine we remarked that〈
r
s
〉
= ln r + ln s when r, s ∈ N. Also observe that if q = rs ∈ Q
∗
then〈r
s
〉+
=
〈
−
r
s
〉+
= ln s+ (ln r − ln s)+
thus
〈q〉
2
≤ 〈q〉+ ≤ 〈q〉 .
We an easily onlude that
ard
{
G
(1,0)
k
}
= ard
{
(a, b) ∈ Q∗ ×Q : 〈a〉+ 〈b〉
+
≤ k
}
≤ 2e2k(2e2k + 1).
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Take now a generi y = (a, z) ∈ H . It is known (see for instane Cassels
[CF67℄, page 65), that sine a−1z is in the Adele ring, there exists b ∈ Q suh that∣∣a−1zp − b∣∣p ≤ 1 for all p ∈ P. Let y′ = (a, ab) and t = (1, (b− a−1zp)p). Then∥∥g−1y′∥∥ = ∥∥g−1yt∥∥ ≤ ln 2 + 2 ∥∥g−1y∥∥+ ‖t‖ = ln 2 + 2 ∥∥g−1y∥∥ ,
and thus Gyk ⊆ G
y′
ln 2+2k. Finally, sine y
′ ∈ Aff(Q) and
Gyk ⊆ G
y′
ln 2+2k = y
′G
(1,0)
ln 2+2k,
the lemma follows. 
4. Laws of large numbers
Suppose now that the law µ of the random walk has a rst moment with respet
to the gauge funtion ‖·‖, that is
E [‖(a1, b1)‖] =
∑
p∈P
E
[∣∣∣ln |a1|p∣∣∣]+∑
p∈P
E
[
ln+ |b1|p
]
<∞.
Observe that this global moment ondition implies that µ has all rst p-moments,
thus that all p-drifts exist, and ∑
p∈P
|φp| <∞.
However, this ondition is not very strong, sine it is equivalent to ask that the
numerators and denominators of a1 and b1 have nite logarithmi moment.
We are going to ontrol the growth of the random walk
xn = (a1, b1) · · · (an, bn) = (An, Bn)
with respet to ‖·‖ by providing a sequene of points in H depending only on the
boundary point bnd(x) that well approximates the path x = {xn}.
We have already observed that the p-adi norm of the linear part An of the
random walk is just the exponential of a sum of i.i.d. random variables whose
mean is the p-drift. Thus we an approximate An with the rational number
qn :=
∏
p∈P
p−[n
φp
ln p
],
whose p-norm is of the order of enφp (where [x] is the integer part of x and qn is in
Q, as φp/ ln p onverges to zero when p grow). This approximation holds not only
loally on eah eld Qp, but also globally when we onsider all elds together.
Lemma 3.
〈
A−1n qn
〉/
n onverges in L1 to zero.
Proof. Observe, for every p ∈ P by the ergodi theorem
ln
∣∣A−1n qn∣∣p
n
=
−
∑n
k=1 ln |ak|p + φp − φp + ln p[n
φp
ln p ]
n
→ 0
in L1. Thus, by dominated onvergene, the sequene
E
[〈
A−1n qn
〉
n
]
=
∑
p∈P
E
[∣∣∣ln ∣∣A−1n qn∣∣p
∣∣∣]
n
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onverges to zero, beause eah term of the innite sum onverges to zero and is
dominated by E
[∣∣∣ln |a1|p∣∣∣]+ |φp|, whih is summable over p ∈ P . 
In the rst part of this paper, we have shown that the ation of the random walk
on the dierent elds Qp depends on the sign of the p-drift. Thus, we are going
to deompose the Adeles in dierent parts and, for all P ⊆ P , we dene a partial
height
〈z〉
+
P :=
∑
p∈P
ln+ |zp|p z ∈
∏
p∈P
Qp.
Suppose that for all p ∈ P the p-drift is negative. Then the translation omponent
Zn of the random walk onverges in
∏
p∈P Qp, whih is in fat a µ-boundary. Let
then
Z
P
∞ := (Z
p
∞)p∈P = limn→∞
Zn in
∏
p∈P
Qp.
Observe that, if 0 := (0)p ∈
∏
p∈P Qp, then
x−1n · Z
P
∞ = (g1 · · · gn)
−1 lim
k→∞
g1 · · · gk · 0 = lim
k→∞
gn+1 · · · gk · 0 ∼= Z
P
∞
where the last equality is in law. Thus we have proved the following :
Lemma 4. Suppose that φp < 0 for all p ∈ P ⊆ P . The sequene
x−1n · Z
P
∞
is stationary. Thus, if
〈
Z
P
∞
〉+
P
is almost surely nite, then
〈
x−1n · Z
P
∞
〉+
P
/
n on-
verges in probability to zero.
We would like to remark that, in the general ase, this result does not apply
diretly to the boundary point in the most omplete boundary B∗. In fat when
Z
∗
∞ is not ontained in the subspae B
∗
1 of the Adeles, its partial height is almost
surely innite. We will deal with this problem by projeting B∗ on produts of
nitely many Qp.
To estimate Zn on the other diretions we use the fowling
Lemma 5. For all P ⊆ P
P

 〈Zn〉+P
n
≤
∑
p∈P
φ+p + ε

→ 1
for all ε > 0.
Proof. First observe that if p ∈ P , by the ultra-metri property
ln+ |Zn|p ≤ max
1≤k≤n
ln+ |a1 · · · ak−1bk|p =:M
p
n.
For p =∞, keeping the same notation, one has
ln+ |Zn|∞ ≤ lnn+M
∞
n .
Let Spn =
∑n
k=1 ln |ak|p. The sequene
upn =
Mpn
n
− φ+p = max
1≤k≤n
(
Spk + ln |bk|p
)+
n
− φ+p
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onverges to zero almost surely to zero, beause n−1
(
Spn + ln |bn|p
)+
onverges
to φ+p . Sine the u
p
n is bounded by |φp| + n
−1
∑n
k=1
(∣∣∣ln |ak|p∣∣∣+ ln+ |bk|p), whih
onverges in L1, it is uniformly integrable and, thus onverges to zero also in L1.
Therefore, sine
E [upn] ≤ E
[∣∣∣ln |a1|p∣∣∣+ ln+ |b1|p]+ |φp|
and ∑
p∈P
E
[∣∣∣ln |a1|p∣∣∣+ ln+ |b1|p]+ |φp| ≤ 3E [‖(a1, b1)‖] <∞,
the sequene
{∑
p∈P u
p
n
}
n
onverges to zero in L1, when n→∞. Finally, as
〈Zn〉
+
P ≤ lnn+
∑
p∈P
Mpn ≤ lnn+ n ·

∑
p∈P
upn +
∑
p∈P
φ+p

 ,
the lemma follows. 
It is now possible to estimate the growth of the random walk on Aff(Q).
Proposition 2. Let P be a nite subset of P suh that φp < 0 for p ∈ P and let
πn = π
P
n :
∏
p∈P
Qp −→ H
z 7→ (qn, z ∪ (0)p6∈P ).
Then
P

∥∥x−1n πn(ZP∞)∥∥
n
≤
∑
p∈P c
φ−p + ε

→ 1
for all ε > 0.
Proof. Observe that∥∥x−1n πn(ZP∞)∥∥ = 〈A−1n qn〉+ 〈x−1n · ZP∞〉+P + 〈x−1n · 0P c〉+P c .
For any xed time n, the produt x−1n = g
−1
n · · · g
−1
1 has the same distribution of
the random walk xˇn = (Aˇn, Zˇn) assoiated with the measure µˇ, image of µ by
the inversion in the group. Thus, sine x−1n · 0P c has the same law as Zˇn and the
p-drift assoiated to µˇ is φˇp = −φp, we an apply the previous lemmas in order to
onlude. 
5. The Poisson boundary of Aff(Q)
As announed, we are going to prove that the µ-boundary B∗ is in fat the
Poisson boundary by using the riterion based on the entropy of the onditional
expetation developed by Kaimanovih [Kai00℄. Suppose that the measure µ has
nite entropy
−
∑
q∈G
µ(g) lnµ(g) <∞.
Consider the family Pz of probability measures obtained onditioning measure P
with respet to the events bndB(x) = z and let P
z
n be the orresponding measure
on the group, obtained by the projetion x 7→ xn. Then Theorem 4.6 in [Kai00℄ says
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that the µ-boundary (B, ν) is in the Poisson boundary if and only if for ν-almost
all z ∈ B
−
1
n
lnPzn(xn) → 0 P
z(dx) − almost surely.
Theorem 1. Suppose that µ has a rst moment with respet to ‖·‖. Then (B∗, ν∗)
is the Poisson boundary.
Proof. Sine µ has a rst moment with respet to a gauge with exponential growth,
it has nite entropy by [Der86℄.
Observe that if Z
∗
∞ were in the Adele ring, then Proposition 2 would hold
also for P = P ∗ and
∥∥x−1n πn(Z∗∞)∥∥/n would onverge to 0 in probability, sine∑
p6∈P∗ φ
−
p = 0. Then by Theorem 5.4 in [Kai00℄, we ould diretly prove that
(B∗, ν∗) is the Poisson boundary. But sine 〈Z∗∞〉
+
P∗ is not neessarily nite, we
need to be more areful.
Let P be a nite subset of P ∗. For z ∈
∏
p∈P Qp, let z
P
be the projetion on∏
p∈P Qp and set aording to the notation of Proposition 2
πn(z) = π
P
n (z) := πn(z
P ).
Fix an ε > 0 and let K =
∑
p6∈P φ
−
p + ε. Sine 〈Z
∗
∞〉
+
P is nite,
P
[
xn ∈ G
pin(Z
∗
∞
)
n·K
]
=
∫
B∗
Pzn
[
G
pin(z)
n·K
]
ν∗(dz)→ 1
and Pzn
[
G
pin(z)
n·K
]
onverges to 1 for ν∗-almost all z.
Let h be the the Pz-almost sure limit of− lnPzn(xn)/n , whih exists for ν
∗
-almost
all z aording to [Kai00℄, and onsider the set
An = {g ∈ Aff(Q)| − h− ε < lnP
z
n(g)/n < −h+ ε} .
Then Pzn(An ∩ G
pin(z)
n·K ) onverges to 1, while
Pzn(An ∩ G
pin(z)
n·K ) ≤ e
n(ε−h)
ard
{
G
pin(z)
n·K
}
≤ en(ε−h)e(C+ε)·n·K .
where C is the parameter of the exponential growth of the gauges Gy . Thus,
(C + ε) ·K − h+ ε ≥ 0 and, sine ε was arbitrarily hosen, h ≤ C ·
∑
p6∈P φ
−
p . Now,
we let P grow to P ∗ and we obtain
h ≤ C · inf
P⊆P∗, nite
∑
p6∈P
φ−p = C ·
∑
p6∈P∗
φ−p = 0.

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